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ABSTRACT

Massive 3-forms are analyzed from the point of view of the Hamilto-
nian quantization using the gauge-unfixing approach and respectively
the Batalin-Fradkin method. Both methods finally output a mani-
festly Lorentz covariant path-integral.

1. Introduction

The purpose of this paper is to present the problem of the Hamiltonian
quantization of the massive 3-form in the framework of the gauge-unfixing
(GU) approach [1]-[2] and respectively of the Batalin-Fradkin (BF) method
[3]-[5] based on path integral. The main idea is to associate with the
original second-class theory an equivalent first-class system. The associated
first-class system has to satisfy the following requirements: its number
of physical degrees of freedom coincides with that of the original second-
class theory, the algebras of classical observables are isomorphic and the
first-class Hamiltonian restricted to the original constraint surface reduces
to the original canonical Hamiltonian. The above isomorphism renders
the equivalence of the two systems also at the level of the path integral
quantization and hence allows the replacement of the Hamiltonian path
integral for the original second-class theory with that of the equivalent
first-class system.

2. Gauge unfixing method

The starting point is a bosonic dynamic system with the phase-space locally
parameterized by n canonical pairs z% = (qz, pi), endowed with the canon-
ical Hamiltonian H., and subject to the purely second-class constraints

Xag (za) ~ 07 oo = 172M07 (1)
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Assume that one can split the second-class constraint set (1) into two sub-
sets

Xap (2%) = (Gao (z%) ,C’BO (z“)) ~ 0, ao, Bo = 1, My. (2)
such that .
0

[Gao, GB()] = D&oBOG%' (3)

Relations (3) yield the subset
Ga, (2%) =0 (4)

to be first-class. The second-class behaviour of the overall constraint set
ensures that C*° (z%) ~ 0 may be regarded as some gauge-fixing conditions
for this first-class set.

We introduce an operator X [6]-[8] that associates with every smooth func-
tion F' on the original phase-space an application X F

XF =F —C%[Ggy, F] + 5C%C™ [Ggy, [G5,, F]] -, (5)

which is in strong involution with the functions Ga,.

The original second-class theory and respectively the gauge-unfixed system
are classically equivalent since they possess the same number of physical

degrees of freedom Np = (2n—2Mp) = Ngu and the corresponding

algebras of classical observables are isomorphic. Consequently, the two
systems become also equivalent at the level of the path integral quantization
and we can to replace the the Hamiltonian path integral of the original
second-class theory with the Hamiltonian path integral of the gauge-unfixed
first-class system.

In the sequel we shall quantize the massive 3-forms on behalf of GU method.
We start from the Lagrangian action of massive 3-forms in D > 4 [9]-[10]

v m> v
SE[Ap,) = / AP (= s Fyuppn P17 — B0 A, AP ) (6)

By performing the canonical analysis [11]-[12] of this model, there result
the irreducible second-class constraints

X(l)ij =71 ~0, (7)
along with the canonical Hamiltonian

H,(z°) :/dD_laz (—37Tijk7rijk + %Fiijijk

+ AL, AR — 3A0ijak7r’“ﬂ') . 9)



ON THE QUANTIZATION OF MASSIVE 3-FORMS 279

According to the GU method we consider (8) as the first-class constraint
set and the remaining constraints (7) as the corresponding canonical gauge
conditions and redefine the first-class constraints as

Gi=-1, (3ak7r’“'f - m;AW) ~ 0. (10)

The first-class Hamiltonian with respect to (10) follows from relation (5)

A~

XHC(yO) = Hc(yo) — /dD_ly [%WOijakAkij — ﬁa[ﬂjk}o@[iﬂ'jk}o . (11)

An irreducible set of constraints can always be replaced by a reducible one
by introducing constraints that are consequences of the ones already at

hand [13]. In view of this, we supplement (10) with one more constraint,

2

G' = —%@-Gﬁ ~ 0, such that the new constraint set

Gl =1, (38k7r’“'j - W;AOZ‘J) ~0,  Gl=-mA% ~0,  (12)

m2

remains first-class and, moreover, becomes off-shell second-order reducible.
If we make the transformations Ag;; — _#Hij and 7% — m2BY then
the constraints (12) become

Gi=—-2 (30,77 + i) ~ 0, G'=19; ~0, (13)

while the first-class Hamiltonian (11) takes the form
Heu(y") :/ley [%szleW + 1 (9B + Aujr) (3[iBjk] + Aijk)

= BT — ST 4 L (30,7 + 417) | (1)

Due to the equivalence between the reducible first-class system and the
original second-class theory, one can replace the Hamiltonian path integral
of massive 3-forms with that associated with the reducible first-class system.
The argument of the exponential from the Hamiltonian path integral of the
second-order reducible first-class system reads as

Scu = /de <7TijkAijk + HijBij —Heou — )x,;jGij — )\Z‘GZ) . (15)

We enlarge the original phase-space with the Lagrange multipliers {S\ij, )\Z-}
and with their canonical momenta {pij,pi} and in order to preserve the
number of physical degree of freedom we add the first-class constraints

P ~ 0, P~ 0. (16)
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If we perform the transformations I — IT¥ and Aij — S\ij = A\ij —II;; in
the path integral, then the argument of the exponential from the Hamilto-
nian path integral for the theory with the phase-space locally parameter-

ized by fields/momenta {Aijk,Bij, S\ij, )\i,wijk,ﬂij,pij,pi} and subject to
the first-class constraints (13) and (16) reads as

S/GU _/de [FijkAijk + Hz‘jBij +pijj\¢j +pi/'\i — %Fijleijkl
— 5 (0 Bji + Aijg) (3[iBjk] + Aijk) + 3mygem* + o T
AN (30075 + L19) — 10 (9,117 — Avip — Aspt 17
+ oz A KT+ g 23(3 ) ijP iD |- (17)
Performing in (17) the integration over {ﬂ'ijk, % p, pt, Ayj, Ai} and mak-
ing the notations #S\ij = [12-]-0 and %)\i = B,o, the functional (17) associ-

ated with the reducible first-class system takes now a manifestly Lorentz
covariant form

Sav [Buvs Auwp) :/le’ [—%me\pww\

— 15 (Fywp — mAyyp) (FH7° —mARP)] (18)

with
A,uup = (A()ijv Azyk) ) Fuup/\ = a[MAVpA}y (19)
B,uz/ = _%B,uua F,uup = 8[uBljp]7 (20)

and describes precisely the (Lagrangian) Stiickelberg coupling [14] between
the 2-form B, and 3-form A,,,.

In the sequel we show how the massive 3-form gets related to the 4-form
gauge fields. In order to do this we start from the GU system constructed
in the above (subject to the first-class constraints (10) whose evolution is
governed by the first-class Hamiltonian (11)) and consider the quantities

Fijk = Aijk + 203 k)0, Foij = Aoij (21)
which are in involution with first-class constraints (10). We define
Wiwpr = 0 Fupr,  where  Fuup = {Foij, Fijk ) - (22)
By direct computation, it follows that

I"Wypr = m*Fypr + O (GY) . (23)
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From (23) we obtain that
0" Fupn = 0. (24)

The fields F,,, can be written in terms of a 4-form BaBYs
fuyp = é Euupaﬂ'y&F&ﬁ’y&v (25)

where FeBv9e — glapBv9d  Consequently, we enlarge the phase-space by
adding the bosonic fields/momenta (B*%°, 7,4,5) . When we replace (25)
in (10) the constraints set takes the form

m

G =~ (30 — I ) %0, (26)

remains first-class and becomes second-order reducible. In order to pre-
serve the number of physical degrees of freedom we must to impose the
constraints

Gk = 49 rliik 0, GPUR = 70k & g, (27)

The constraints (26) and (27) are first-class and reducible. The first-class
Hamiltonian becomes

D T - ) - o
Hey (4°) = / 4y | P + 5 A AT+ 0ijaing ATl
2 ikl ijk 12 ikl
+ gy Fighin B0 = 3migrm " 4 s mijamt
. 2 T
+% 502']'lnq1ﬂsFlnqrS (3816771“3 - %gowl mare Fl/n/q/r/sl>:| : (28)

The argument of the exponential from the Hamiltonian path integral of the
above reducible first-class system as

St Z/dsﬁf [WijkAijk + m0ije BY9 + mijra BYH — Hey
i () A1) 2) ~(2)ij
A G = DGk )\ g J’f] . (29)

After integrating out the auxiliary fields and performing some field redefi-
nitions, we obtain

a v 2 v
Scv [Apvps Bapys) :/dsx [_éFMVﬂ)\F}L - 51 E wpayse A P e

+2m752| Faﬂ'yéeFO‘ﬁ’y&} ) (30)

and describes a generalized Chern-Simons coupling [15]-[17] between the
3-form A, and 4-form B,gys.
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3. BF method

In order to construct a first-class system equivalent to the starting second-
class one (subject to the second-class constraints (1)) in the framework
of the BF approach we enlarge the original phase-space with (¢%),_1517

(M > Mp). The next step is to construct a set of independent, smooth,
real functions defined on the extended phase-space, (G4 (z,()) A=T AT 3T

such that
Gap (2,0) = Xap (2), Gi(2,0)=0, [Ga,Gg]=0, (31)

where A = 2My + 1, Mg+ M. In the last step we generate a smooth,
real function, defined on the extended phase-space, Hpp (z,() with the
properties

Hpr (2,0) = H.(2), [Hpr, G4l =V, BGp. (32)

The previous steps unravel a dynamic system subject to the first-class con-
straints (G a (2, () q—1 37737 = 0 Whose evolution is governed by the first-

class Hamiltonian Hpp (2,(). If we denote by Spr the BF system, then
Spr is classically equivalent with Sp, since both of them display the same
number of physical degrees of freedom

No =5 (2n—2My) = £ [2(n+ M) —2(My + M)] = Npr,  (33)

the corresponding algebras of classical observables are isomorphic. Conse-
quently, Spr and Sp become also equivalent at the level of the path integral
quantization and we can to replace the the Hamiltonian path integral of
the original second-class theory with that of the BF first-class system.

In the case of the massive 3-forms we enlarge the original phase-space by
adding the bosonic fields/momenta (B"",11,,),, The constraints

wv=0,D—1"
G4 (z,¢) = 0 gain in this case the concrete form
G = Wi LB ~ 0, GEJQ-) = XEJQ')—%HU ~0, G=Iy~0. (34)

It is easy to check that they form an irreducible first-class constraint set.
The first-class Hamiltonian complying with the general requirements (32)
is expressed by

. .. 2
Hpp(x) = He(z) + /dD_lgC [iHUHiJ‘ — 1 (38k77kij - n;Aou')
-1 (mAz‘jk _ a[z’Bjk]> 0By — L0 BI (mAg; + Hij)] . (35)

The argument of the exponential from the Hamiltonian path integral of the
above BF first-class system, equivalent with that of massive 3-forms takes
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the form
SBr = / dPx (TFDZ']'AOM + WijkAijk + HOiBOi + HijBij — HBr
1)ij (1) 2)ij ~(2) i
WG - \@IGE - NG (36)

Integrating in the path integral over {m;;;} and employing the change of
variables Hij — H§< = Hij + mAOz'j and moij; — Tréij = moij + mBij, the
argument of the exponential from the Hamiltonian path integral becomes

Spr = / d"z [wgijAOij + 11, BY + T B”
éFijleijkl — le (28[1Bjk] — mAZ]k) (28[ZB]I€] — mAijk)

— 5 (O0Aige — ZOpIT,) + 050 ) (904 — LAVTIH 4 9l A@H)
LTI 4 Lol ploTr — AWl AT — AiHOi] . (37)

Performing in the last form of the path integral the change of variables

I, — Agij = %H;j — /\1(32‘) and )\2(]2-) — )\g) the argument of the exponential
from the path integral is turned into

Br = /dDJU |:7T6,L~jA0ij +m (z‘_l()z'j + AE?)) B 4 Ty; B”
— K PRI — & (90 Aigr — 03 Agugo) (8041 — 9l ATHD)
+ mpli pilo (Amj + Agj.)) — £(20,Bjr) — mAi) (2a[iBjk1 - mAij’f)

_mTQAOijAOij + mTQ)‘z('j‘))‘@)ij _ )‘(l)ijﬂ-(,]ij . AiHm} ‘ (38)

Integrating in the path integral over {ﬂéij, PNOLS 1 AT W LS )\g)} the ar-
gument of the exponential reduces to

St = / Pz [—ﬁmjleW — & (Do Ay — a[,-Ajk}o)(aOAUk - a[i;p"flo)
— 1 [(80Byj + 93 Bjj0) — mAois] [(803” + 8“Bﬂ°) - mAw}

— o (O By — mAy) (97BN — mATr). (39)
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where B’Z-j = 2B;; and By = %BOi. The last functional associated with the

equivalent first-class system takes now a manifestly Lorentz covariant form

_ L 1 _ _
Spr [Bul/aA/Jl/p] = /de |:_48F;uzp)\FMVp>\ (40)
1 A v ALY
12 (Fuw) - mAlWP) (FH P —mAr p) ) (41)
with
A;wp = (AOijp Azyk) ) F,uz/pA = 8[yAup)\}7 (42)
B;w = (Bm‘, Bij) ) Fup = a[uBVp]’ (43)

and describes the (Lagrangian) Stiickelberg coupling between the 2-form

B, and the 3-form A,,,.

4. Conclusion

We analyzed the problem of the Hamiltonian quantization of the massive 3-
forms using GU and respectively BF methods. In the framework of the first
approach, starting from the original canonical Hamiltonian, we generated
a first-class Hamiltonian with respect to the first-class constraint subset.
We built the Hamiltonian path integral of the GU first-class system and
after integrating out the auxiliary fields and performing some variable re-
definitions the path integral finally takes a manifestly Lorentz covariant
form. The second approach involves an appropriate extension of the orig-
inal phase-space and then the construction of a first-class system on the
extended phase-space that reduces to the original, second-class theory in
the zero limit of all extra variables. The Hamiltonian path integral of the
BF first-class system takes, after integrating out some of the variables and
performing some field redefinitions, a manifestly Lorentz covariant form.
Both approaches require appropriate extensions of the phase-space in order
to render a manifestly covariant path integral.
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