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ABSTRACT

In this article we investigate noncommutativity of D9-brane world-
volume embedded in space-time of type IIB superstring theory. On
the solution of boundary conditions, the initial coordinates become
noncommutative. We show that noncommutativity relations are con-
nected by N = 1 supersymmetry transformations and noncommuta-
tivity parameters are components of N = 1 supermultiplet. In ad-
dition, we show that background fields of the effective theory (initial
theory on the solution of boundary conditions) and noncommutativity
parameters represent the background fields of the T-dual theory.

1. Introduction

Dp-branes with odd value of p are stable in type IIB superstring theory.
As a particular choice, besides D9-brane, we can embed D5-brane in ten
dimensional space-time of the type IIB theory in pure spinor formulation
(up to the quadratic terms)[l, 2]. In the present paper we investigate
the noncommutativity of D9-brane using canonical approach. The case of
D5-brane has been considered in Ref.[3]. Also we investigate the super-
symmetry of noncommutativity relations [4].

We choose Neumann boundary conditions for all bosonic coordinates x*.
The boundary condition for fermionic coordinates, (0% —6<)|F = 0 produces
additional one for their canonically conjugated momenta, (7o — 7o )| = 0.
We treat boundary conditions as canonical constraints [5, 6, 7, 3]. Us-
ing their consistency conditions, we rewrite them in compact o-dependent
form. We find that they are of the second class and on these solutions, we
obtain initial coordinates in terms of effective coordinates and momenta.
Presence of the momenta is source of noncommutativity. Noncommutativ-
ity relations are consistent with N = 1 supersymmetry transformations.
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We obtain that noncommutativity parameters contain only odd powers of
background fields antisymmetric under world-sheet parity transformation
Q:0 — —o and form one N = 1 supermultiplet. This result represents a
supersymmetric generalization of the result obtained by Seiberg and Wit-
ten [8]. We also show that effective background fields and noncommutative
parameters are the background fields of T-dual theory.

2. Type IIB superstring theory and canonical analysis

We will investigate pure spinor formulation [2, 9, 7, 3] of type IIB theory,
neglecting ghost terms and keeping quadratic ones

S = K,/ d*€0, 2T 0_a” (1)
%
= = 1
+ / d2§ |:_7ra8—(9a + \I/fjl"u) + 8+(9a + \I’zl”u)ﬁ'a + TﬂaFaﬁﬁ'/g ,
P K

where 11y, = By, + %GW and 0+ = 0r + 0,. All background fields are
constant. The space-time coordinates are labeled by «* (u=0,1,2,...,9)
and the fermionic ones by same chirality Majorana-Weyl spinors 6¢ and
0. The variables m, and 7, are canonically conjugated to the coordinates
0 and 0<, respectively.

Canonical Hamiltonian is of the form
Hc:/dO’Hc, He=T_—-T¢, Ty=ty—71y, (2)
where
ty = :FiG’“’IiuIiy, Iy, =m, + 26104 2" + o V) — \i’gfra , (3)
T = (0" + \Ilz:c'“)wafiwaFaﬁﬁ'ﬁ T = (0% + @z$/“)ﬁa+iﬂ'aFQBﬁ'/@ .
Varying Hamiltonian H., we obtain
§H, = §HI — [yO6a + 1,80 + 50°7][] . (4)

R) . . . . .
where 5HC( ) is regular term without 7 and o derivatives of supercoordinates
and supermomenta variations and

y O =Ty + T Ly + 1o U8+ U0, (5)

As a time translation generator Hamiltonian has to be differentiable with
respect to coordinates and their canonically conjugated momenta which
produces

7/80)51’“ + T 00 + (55%‘@} ’Z =0. (6)
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Embedding D9-brane means that we impose Neumann boundary conditions
— ™
for x# coordinates, 7,80) |5 = 0. Fermionic boundary condition (6¢ —00‘)’ =0

preserves half of the initial N = 2 supersymmetry and it produces addi-
tional boundary condition for fermionic momenta (7w, — 7o) | = 0.

Using standard Poisson algebra, the consistency procedure for 7,80) produces

an infinite set of constraints
W ={He A (n=1,2,3,...), (7)

which can be rewritten at ¢ = 0 in the compact o-dependent form

)
g _
T,= ZHW@ lo=T11," I_ (o) + T I (—0) + Ta(—0) TG + T 76 (o).
n=0

Similarly, from conditions (§* — 6*)|, = 0 and (7o — 7a)|, = 0, we get

I%(0) =0%0) —0%0), TIi(o)=ma(—0)—Talo), 9)
where
0%(0) = 0°(~0) — WG (o) — im@ / do P (10)
0
1 v o 7
+ 3G \I/M/O Aoy Po(Ty + 1),
_ _ — 1 g
0%(0) = (o) + W (o) + 5 F* / dor Py (1)
0

1 1 ANTEe] 7
+ 5, G q;u/ doyPy(I1, +1_,).
0

We introduced new variables, symmetric and antisymmetric under world-
sheet parity transformation ) : ¢ — —o. For bosonic variables we use the
standard notation

qﬂ(o-) = Pst”(U) 7@”(0) = Pax'“(a) 7pu(0) = PSWM(U) 713;1(0') = PaTru(O') )

while for fermionic ones we use the projectors on ¢ symmetric and anti-
symmetric parts

1 1
Ps:§(1+ﬂ), Pazi(l—ﬂ). (12)
From {H.,I'y} =1"y ~ 0,I'y = (I',,T*,T7), it follows that there are
no more constraints in the theory. For practical reasons we will find the
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algebra of the constraints *I'y = (', ,I'*,I'7) instead of I'4. It has the
form

{*T'a,* T} = Magd, (13)

where the supermatrix M4p is given by the expression

kGl | —2(Wep)h 0

Map = | —2(Wesp)0 | RFofy  —26% | - (14)
0 —2657 0

Here we obtain effective background fields

bt 28

1
GZJ;f = Gy, — 4B,,G" By, (Wepp)s = ixpiu + B,,G"

P =F? —we ol (15)

where we introduced useful notation
- 1 1
2, = UL UL, PO = S(F PR, FO = (P F). (16)
This is supersymmetric generalization of Seiberg and Witten open string

metric, G,‘f;f , because all effective fields contain bilinear combinations of €2
odd fields.

The superdeterminant sdet M4p is proportional to det G¢/f. Because we

assume that effective metric G¢/f is nonsingular, we conclude that all con-
straints *I" 4 are of the second class.

3. Solution of the constraints and noncommutativity
From I')y = 0, I'* = 0 and I'], = 0, we obtain

rt(o) = q" — 2@’“’/ doipy + QG)W/ do1pas T =Py, (17)
0 0
a « 1 e ~
0 (U) =9 (0) + §§ y  Ta =DPa + Pa, (18)
ale @ 1 e - ~
o (U) = (U) - 55 y  Ta =Pa — Pas (19)
where
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1 = - _
igaEPsea:Psgav Pa = Psmo = PsTo,  Pa = PaTta = —PaTa,
and
1 1
O = —— (G BGTHM, 0M =201 (Wepp)} — - Gy, (20)
1 1
0 = o FoP 4 4(Wepp) 00" (Wepyp) — - e (G BGTm Y,

G
K

+

U, (Wep)d + 00, (V)2 (21)

Using the solutions of the constraints (17)-(19) and the basic Poisson alge-
bra, after removing the center of mass variables, we get the noncommuta-
tivity relations

{z"(0) ,2"(0)} = O A0 +7), (22)
1 - 1
{2(0),0(0)} = —30" A0 +0), {0(0),07(0)} = ;6°°A(0 + ).
(23)
The function A(o + @) is nonzero only at string endpoints
-1 ifz=0
Alz)=<¢ 0 if0<z<2rm, (24)
1 ife=2r

and we conclude that interior of the string is commutative, while string
endpoints are noncommutative.

4. Supersymmetry of noncommutativity relations

The action of initial theory (1) is invariant under global N = 2 supersym-
metry with transformations of supercoordinates

St = eﬂrgﬁeﬁ + eargﬁéﬁ, 50% =€, §0% =€, (25)
and background fields

_ B B _ 8 B
0G = ﬁr[uaﬁmw] _ﬁgF[uaﬁ‘Pw] 0B = eir[uaﬂqﬁu} _&F[uaﬂeru} ’

1 1
oV, = 16 T gy FI° 16 AT 3,

1 1
5\1’3“ = ﬁruﬂvFga + 16 egruﬁszya ) (26)

16
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sA0 =0, AP = —eiF[uaﬂ\pﬁy] — Tap?” , + 4968,

V]

a (2)
A e = 26T oW ) + 26 T ag Vs o + 64 6B,

Here we used notation

g ="t =const., Ty, =00 D Ty (27)

and [ ] in the subscripts of the fields mean antisymmetrization of space-time
indices between brackets. The connection between potentials A(©), A,(EV) and
A%,)pg and RR field strength F' of g given in [7].

The truncation from N = 2 to N = 1 supersymmetry we can realize omit-
ting transformations for G, ¥, and F, [10]. The rest fields make N =1
supermultiplet with transformation rules

1
0By = €T 0p®” 1, 0%, = 166&% s FJY, SFXP=0.  (28)

V]’

Now we can find the supersymmetric transformations of the coefficients,

O, @1 and ©*F, multiplying the momenta in the solutions of boundary
conditions. From

1 e g
dzt(o) = 56’1F55§B - 25@’“’/0 do1p, — 2@’“’/0 do16p, , (29)

g g 1 -
- 25@“0‘/ do1pa + 2@“0‘/ do10pa = e{T 50(0 )P — ieifgﬁf(a)ﬁ,
0 0

1 ag
00% (o) = 563‘_ - 5@“a/ do1pu
0
ag g g 1
— G)”a/o do1py — (5@0‘5/0 doipg — @aﬁ/o do10pg = 561, (30)
we obtain global N = 1 SUSY transformations of the background fields

Jom = eaTr oM sore = L irs e, 50 =0. (31)

2

Consequently, these fields are components of N = 1 supermultiplet.

Using N = 1 supersymmetry transformations of SUSY coordinates (25)
and background fields (31), we can easily prove that noncommutativity
relations are connected by supersymmetry transformations. The SUSY
transformation of (22)

1
€+F([w{ g 96} 5611‘%@”]BA(0 +0), (32)
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produces the first relation in (23). Similarly, SUSY transformation of the
first relation in (23)

1
€T, {07,6°) = 76105, 67" A0 +3), (33)

produces the second relation in (23).

5. Type IIB theory and T-duality
We suppose that action (1) has a global shift symmetry in all 2# directions.
So, we have to introduce gauge fields v and make a change

Orat — Dyzt = Oyt + 0k . (34)

For the fields v/} we introduce additional term in the action

1
Sgauge(ya U:I:) = 2’1/2 d2€yu(a+vli - 8—Ui)7 (35)

which produces vanishing of the field strength 00" —d_vY if we vary with
respect to the Lagrange multipliers y,,. The full action has the form

S*(l"?y,vi) = S(Dix) +Sgauge(yyvi)‘ (36)
Let us note that on the equations of motion for y,, we have v = d;2* and
the original dynamics survives unchanged.

Now we can fix 2/ to zero and obtain the action quadratic in the fields v/
which can be integrated out classically. On the equations of motion for v/}
we obtain expressions for these gauge fields in terms of y, and momenta

2
no_ @ -1 —1\vu
v =-2 (HWQ\IJV + 3+y,,> (G -G, (37)
_ v [ 2za-
ot = 2(Gef1fH_G Lyw (ﬁ\I/,ﬂra + G_yl,> . (38)

Substituting them in the action S* we obtain the dual action from which
we read the dual background fields

G = (G M, *BM = kM = —(GILBGTY . (39)
W = 2RO — (G e, e = |2ke 4 (G| B

ET =250 E = B+ A (G ) (Ve

It is easy to see that

WA = 208 W = (G (W) (42)



266 B. NikoLI¢, B. SAzDoVI¢

6. Concluding remarks

In this paper we considered noncommutativity properties and related su-
persymmetry transformations of D9 brane in type IIB superstring theory.
We used the pure spinor formulation of the theory introduced in Refs.[2, 9].

We treated all boundary conditions at string endpoints as canonical con-
straints. Solving the second class constraints we obtain the initial coordi-
nates ¥, 0% and 6% in terms of effective ones, ¢, £* and £% and momenta
pu and p.

The presence of momenta is a source of noncommutativity (22)-(23). The
result of the present paper can be considered as a supersymmetric general-
ization of the result obtained for bosonic string [8]. Beside B,,,, its super-
partners U and Fy P are also a source of noncommutativity. In special
case, when U® = \TJZ‘, the noncommutativity relations (22)-(23) correspond
to the relations of Ref.[9].

The N = 2 supermultiplet of T-dual theory is split in two N = 1 su-
permultiplets: the first, 0 even one, (GZJ;f, (Werr)is Ff}ﬁ ), represents the

background fields of the effective theory (initial theory on the solution of

the boundary conditions) [7], while the second,  odd one, (O*, @1~ @),
contains the noncommutativity parameters.
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